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Nonlinear oscillations and synchronisation phenomena are ubiquitous in nature. We study the
synchronization of self oscillating magneto-optically trapped cold atoms to a weak external driv-
ing. The oscillations arise from a dynamical instability due the competition between the screened
magneto-optical trapping force and the inter-atomic repulsion due to multiple scattering of light. A
weak modulation of the trapping force allows the oscillations of the cloud to synchronize to the driv-
ing. The synchronization frequency range increases with the forcing amplitude. The corresponding
Arnold tongue is experimentally measured and compared to theoretical predictions. Phase-locking
between the oscillator and drive is also observed.

Introduction.—

Ever since the Dutch scientist, Christian Huygens, ob-
served synchronization in two coupled pendulums hung
from a common support, synchronization phenomena
have been observed pervasively in numerous different
settings, ranging from cardiac pacemaker to circadian
rhythms to entrainment of pulsatile insulin secretion and
locked states in laser systems1,2. Synchronization of
geodesic acoustic modes and magnetic fluctuations in
toroidal plasmas have also recently been observed for the
first time3. It has been suggested that these observations
provide a study of the nonlinear interactions among mag-
netic islands and the low frequency zonal flows.

Synchronization has been an extremely useful and
powerful tool for the analysis of a plethora of problems
related to interactions between nonlinear oscillators4 in-
cluding various applications to phase locking and con-
trol in laser systems, chaos based communications5, and
coupled chaotic oscillators6. Characterization of synchro-
nization has also been made possible through a number of
order parameters and information theoretic measures, in-
cluding cross-correlation, a Green’s function approach6,7,
degree of phase coherence8 and mutual information.

A central requirement for synchronization is the exis-
tence of self-sustained oscillations2,9. Self-sustained os-
cillations occur ubiquitously in nature and are considered
a subset of a larger class of dynamical systems. The main
feature of self-sustained oscillators is that these systems
continue to oscillate in their own rhythm after they are
isolated or taken apart from a combined system. They
are most commonly mathematically modelled using limit
cycles1,2,9.

With the emergence of laser cooling techniques, collec-
tive behavior of ultracold atomic molasses in magneto-
optical traps (MOT) has been observed and studied.
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These experiments have revealed dynamic instabilities
associated with the appearance of self-sustained radial
oscillations. These oscillations have been found to be the
result of the competition between long range scattering
interaction and the MOT’s confining force10, providing
an excellent platform for the study of plasma and astro-
physical phenomena such as pulsating stars.

In this Letter we present a simple theoretical model
for the MOT used to explain the self-sustained oscilla-
tions and synchronization to an external drive. We then
describe the experimental procedure to observe the oscil-
lations and synchronization. Finally we analyse the data
and compare the Arnold tongue2 obtained from the the-
ory to the one obtained from experiment and comment
on the differences.

We use a simplified model of a magneto-optical trap,
considering the trap to be spherically symmetric and
the gas to be of constant density throughout the trap10.
More detailed models exist, but the simple model suf-
fices for our purposes. In this model, an atom at the
edge of the cloud will experience a force due to the laser
directly facing the atom and an attenuated force due to
the laser from the opposite side of the cloud. In the low
intensity Doppler model, the magneto optical force, with
saturation parameter sinc, on an atom at location x and
velocity v on or outside the edge of a cloud of radius R
is10,11:

Ftrap(x, v) = − h̄kΓ
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The first term of the equation corresponds to the force
of the laser detuned by δ from the atomic transition di-
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rectly incident on atoms with Zeeman shift µ∇Bx (for
magnetic field gradient ∇B), Doppler shift kv, and tran-
sition linewidth Γ. This beam pushes the atoms inward
towards the centre of the cloud. The second terms cor-
responds to the laser beam incident from the opposite
side of the cloud, attenuated by the amount e−b due to
scattering in the cloud of optical thickness b. The third
term in the equation is the repulsive force between atoms
due to the scattered photons12. By Gauss’ law, this force
outside the cloud must be proportional to 1/x2. η is the
fraction of the absorption cross-section of the incident
laser frequency and the inelastically scattered light.

Applying this model at the edge of the cloud (x = R),
it predicts that the edge undergoes a bifurcation above
a critical radius Rcrit. The instability threshold10 is
that the critical MOT detuning is equal to the Zeeman
shift experienced by atoms at the edge of the cloud:
|δcrit| = µ∇B Rcrit. The bifurcation creates a limit cycle
in the phase-space portrait of the system, corresponding
to spectacular ”breathing” mode oscillations of the cloud
expanding and contracting in volume. The limit cycle
in the phase-space portrait of an autonomous equation
of motion is a sufficient condition for synchronization2.
By adding a time-periodic weak driving term to the
MOT we can establish control over the phase and fre-
quency of the oscillations. We accomplish this by sinu-
soidally varying the detuning of the lasers according to
δ(t) = δ0 + ∆ cos(2πνf t) for ∆/δ0 � 1. With a weak
driving strength we can series expand the force up to first
order in ∆ such that Fdriven ≈ Ftrap+α∆ cos(2πνf t) for
some proportionality constant α. Thus modulating the
detuning of the MOT acts like sinusoidally ”squeezing”
and ”stretching” the trap with an external force.

The principle of the experiment is sketched in Fig. 1.
It is based on a large magneto-optical trap of 87Rb. The
features of this device are described in detail in ref.13,
we just outline its most important characteristics here.
Satisfying R > Rcrit in the experiment requires a large
number of trapped atoms. This vapor-loaded MOT has
a large capture range due to the large size of the trap-
ping beams (1/e2 radius = 2.6 cm), which enable us to
trap as much as 1011 atoms. Due to this large num-
ber, the interatomic repulsive force due to scattered pho-
ton reabsorption12 is strong and the corresponding size
of the trapped cloud is large, typically > 1 cm. As
the stable MOT radius R typically scales as 1/∇B, it
can be seen that the critical detuning is nearly indepen-
dent of the magnetic field gradient10. For the parameters
used in the present Letter, δcrit ≈ −2Γ. Thus, assum-
ing the cloud size is independent of detuning, (which is
relatively reasonable in our situation13), one sees that
the MOT is unstable for detunings smaller (in absolute
value) than the critical value, and stable for larger val-
ues. In the experiment, we approach the ideal situa-
tion of the lasers symmetrically arranged by using six
intensity-balanced ”independent” laser beams. In the dif-

FIG. 1: a) Experimental setup with six independent laser
beams and a small probe beam. b) Spontaneous oscillation
mode of the MOT. Snapshots of the MOT fluorescence dis-
tributions along two lines of sight.

ferent case of retro-reflected beams, the intensity imbal-
ance between counter-propagating beams generated by
the opacity of the cloud provokes other spatial instabili-
ties that involve mainly the center-of-mass motion of the
cloud14,15. Note however that in real life, even in the in-
dependent beam configuration the instability is usually
complex with both radial and center-of-mass motion, as
seen in the snapshots of Fig. 1b.

We start the experiment with a self-oscillating MOT
(detuning δ0 = −2Γ, ∇B = 5 G/cm, and µ = 1.4
MHz/G), and apply the weak forcing by sinusoidally
modulating the trapping laser detuning. We monitor
the response of the cloud by measuring in real time the
transmission of a weak probe laser beam, centred on the
MOT, whose transverse size is smaller than that of the
cloud (see Fig.1 (a)). This transmission is a measure of
the number N of atoms contained in the volume defined
by the intersection of the probe beam and the cloud’s
spatial distribution, which varies with time as the cloud
oscillates. Compared to a MOT fluorescence measure-
ment, which is intrinsically sensitive to a modulation of
δ, this detection scheme has the advantage to be sensitive
to N(t) only.

To analyse the data for frequency entrainment, we per-
form a Fourier transform of the transmission signal to
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FIG. 2: Experimental oscillation spectra. (1) Spontaneous
oscillation at νsp = 39 Hz. (2) Unsynchronized forced oscil-
lation with νf = 32 Hz. (3) Synchronized forced oscillation
with νf = 36 Hz. (4) Unsynchronized forced oscillation with
νf = 44 Hz. ∆/δ0 = 0.067.

obtain spectra such as those shown in Fig. 2. Spectrum
(1) corresponds to spontaneous oscillations, without ex-
ternal modulation (∆ = 0). The motion is observed to be
quite monochromatic, with a central frequency νsp = 39
Hz. We stress that such a monochromatic mode is only
observed in a narrow parameter range just above the in-
stability threshold: decreasing |δ| results in more chaotic
oscillations, with a broad low frequency pedestal in the
spectra. Spectrum (3) corresponds to an external mod-
ulation at 36 Hz, with ∆/δ0 = 0.067. The spontaneous
peak has disappeared and the MOT now oscillates at the
driving frequency: this is considered synchronized mo-
tion. When the driving frequency is detuned by a large
amount from the spontaneous frequency (spectra (2) and
(4)), the spontaneous peak reappears and the system os-
cillates at both frequencies, corresponding to the unsy-
chronized regime. Thus, the criterion for synchronization
we will use in the following is the presence or absence
of the spontaneous peak in the spectrum. This is cho-
sen, because it provides a clear distinction between syn-
chronized and unsynchronized signals. The criterion is
stricter than necessary from the theoretical point of view,
as a synchronized oscillator in the presence of noise16 in
general will have a spectrum like Fig.2, (2) and (4). Nev-
ertheless, the criterion is clear and sufficient, so we have
adopted it for the purposes of the experiment.

In Fig.3, we report an experimental measurement of
the Arnold tongue corresponding to our oscillator. The
Arnold tongue2,9 represents the region of driving frequen-
cies νf for which the oscillator synchronises to the fre-
quency of the drive, plotted over a range of weak driving
strengths ∆/δ0. The Arnold tongue computed from Eq.

FIG. 3: Experimental Arnold tongue. We measure the syn-
chronization range against forcing amplitude. Filled and open
symbols correspond to synchronized and unsynchronized os-
cillations respectively.

1 is shown in Fig.4. The most notable differences between
the tongues are that the theoretical model predicts the
sync region to touch the νf -axis and by symmetric about
the natural frequency. In addition it is clear that for very
weak driving the width of the Arnold tongue is narrower
in the experiment than the theoretical calculation. The
differences between the experiment and theory are con-
sistent with the presence of noise in the system2, as noise
will effectively mask the presence of very weak driving
and cause phase slips when close to the edge of the region.
As a result, a very weak driving force will be masked by
the noise and no synchronization is observed. The dif-
ference in the shape of the experimental and theoretical
Arnold tongues must be attributed to the simplified the-
oretical model used for the calculations. Nevertheless
the experiment agrees well with theory when considering
real-world limitations.

The Arnold tongue is a tool to investigate the fre-
quency entrainment aspect of synchronization, but we
can also study the phase aspects of the oscillator. Instead
of Fourier-transforming the signal to study the frequency
components, we perform a Hilbert-transform2, to extract
the instantaneous phase of the oscillator at all times. We
can then compute the phase difference θ = φosc − φdrive
mod 2π and plot a histogram of all the observed phase
differences during a run of the experiment. The his-
togram is shown in Fig. 5 for a driving at 40Hz, when
the natural frequency of oscillation is 39Hz. The width of
this peak can be characterised using the first trigonomet-
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FIG. 4: Arnold tongue calculated from equation 1 for the
oscillator. The tongue corresponds to a noiseless oscillator,
so it touches the νf -axis and has clearly defined edges.

FIG. 5: Histogram of phase difference of the external driving
at 40 HZ and the oscillator at zero driving strength and at
a fixed strength ∆/δ0 = 0.067. The natural frequency of the
oscillator νsp = 39Hz. From the histogram we can calculate
the syncronization measure S for the two cases to show the
presence of synchronization in the system.

ric moment17 S, which is a well-behaved measure of phase
synchronization18. The value S = 0 corresponds to a per-
fectly flat phase distribution f(θ), whereas the maximal
S = 1 corresponds to a delta-function. We note, that it
is necessary to use directional statistics for the case of
phase, which is a 2π periodic property.

S =
∣∣∣ 1

2π

∫ 2π

0

f(θ) eiθdθ
∣∣∣ (2)

When the drive is not coupled to the oscillator (∆/δ0 =
0), the phase of the oscillator is completely uncorrelated
with the phase of the drive, presenting a flat distribution
corresponding to equal likelihood for all phase values.
This distribution has a synchronization measure of S =
0. When the driving strength is increased to ∆ = ∆0

the phase of the oscillator becomes correlated with the
drive and the phase distribution becomes peaked. For
this distribution S = 0.59, indicating a relatively high
degree of synchronization in the presence of noise.

In conclusion, we have experimentally shown synchro-
nization of a self-sustained cold-atom oscillator to an ex-
ternal drive, and compared the results to theory. The
data show frequency entrainment of the oscillator to the
drive, and phase coherence between the oscillator and the
drive when in the synchronization region. The results are
further evidence that the oscillations are a fundamental
property of the MOT, due to limit cycle oscillations of
large cold atom clouds. Synchronization of the cloud to
an external modulation provides new insight in the study
of MOT instabilities, and establishes control over the fre-
quency and phase of the oscillations. This control can be
used in further studies of MOT instabilities, for example
to increase the density of the atomic cloud by turning off
the MOT when the cloud is at its minimum size. Timing
the turn off can be done by phase locking the oscillator
to a drive first and using the phase of the driving signal.
The method might also be extended to stabilising unsta-
ble traps by applying the driving signal π out of phase
with the oscillations, though this would require stronger
driving than was considered in this work. The technique
can also be of interest in the study of oscillating plasmas
due to the close analogue between the systems.
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