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We study coherent backscattering of a monochromatic laser by a dilute gas of cold two-level atoms in the
weakly nonlinear regime. The nonlinear response of the atoms results in a modification of both the average
field propagation �nonlinear refractive index� and the scattering events. Using a perturbative approach, the
nonlinear effects arise from inelastic two-photon scattering processes. We present a detailed diagrammatic
derivation of the elastic and inelastic components of the backscattering signal for both scalar and vectorial
photons. In particular, we show that the coherent backscattering phenomenon originates in some cases from the
interference between three different scattering amplitudes. This is in marked contrast with the linear regime
where it is due to the interference between two different scattering amplitudes. In particular we show that, if
elastically scattered photons are filtered out from the photodetection signal, the nonlinear backscattering en-
hancement factor exceeds the linear barrier of 2, consistently with a three-amplitude interference effect.
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I. INTRODUCTION

Propagation of light waves in disordered media is an ac-
tive research area for 100 years now. The original scientific
motivation came from astrophysical questions about proper-
ties of light radiated by interstellar atmospheres �1,2�. Then,
within the first decades of the 20th century, the foundations
of light transport in this regime were laid, leading to the
radiative transfer equations �3–6�. The basic physical ingre-
dient of these equations is a detailed analysis of energy trans-
fers �scattering, absorption, sources, etc.�. Sufficiently far
from any boundaries, the long-time and large-spatial-scale
limits of these equations give rise, in the simplest cases, to a
physically appealing diffusion equation.

One important feature of this theory is to consider that
any possible interference effects are washed out under disor-
der average. This is a random-phase assumption. For a long
time, it was believed that this was still the case on average
for monochromatic light elastically scattered off an optically
thick sample even if, for a given disorder realization, one
observes a speckle pattern �7� indicating that phase coher-
ence is preserved by the scattering process. Theoretical and
experimental work in electronic transport �8–10� soon made
clear that this random-phase assumption was wrong in the
elastic regime. Depending on the disorder strength, partial
�weak-localization regime� or complete �strong-localization
regime� suppression of diffusive behavior has been pre-
dicted, provided phase coherence is preserved over a suffi-
ciently large number of scattering events �11,12�. In turn,
these discoveries have cross-fertilized the field of light trans-
port in the elastic regime �13–16�. In this field, one of the
hallmarks of interference effects in elastic transport is the
coherent backscattering �CBS� phenomenon �17,18�: the av-
erage intensity multiply scattered off an optically thick
sample is larger than the average background in a small an-
gular range around the direction opposite to the ingoing
light. This interference enhancement of the diffuse reflection
off the sample is a manifestation of a two-wave interference.
As such, it probes the coherence properties of the outgoing

light and it has been extensively studied both experimentally
and theoretically. It can be shown on general arguments that
the CBS enhancement factor �defined as the ratio of the
backscattering CBS peak to diffuse background� never ex-
ceeds the value 2 and is obtained in the helicity-preserving
polarization channel for scatterers with spherical symmetry
�19�.

Whereas these interference modifications of transport are
by now widely understood in the case of linear media, recent
experimental developments have required an extension of
multiple-scattering theory to the nonlinear case. Even if a
few studies already exist, they only cover the simpler case of
classical linear scatterers embedded in a nonlinear medium
�20,21�, whereas in our microscopic approach, the nonlinear
behavior of randomly distributed scatterers will affect both
the scattering processes and the average propagation. In par-
ticular, with the advent of laser cooling, on the one hand, it
has become possible to study interference effects in multiple
scattering of light by cold atoms �22–26�. In the regime
where the saturation of the atomic transition sets in, atoms
scatter light nonlinearly, i.e., the scattered light is no longer
proportional to the incident light. One should note that im-
portant nonlinear effects are easily achieved with atoms even
at moderate laser intensities. Considering a given driven op-
tical dipole atomic transition, the order of magnitude of the
required light intensity to induce nonlinear effects is given
by the so-called saturation intensity Is and is generally low.
As typical examples, it is 1.6 mW/cm2 for rubidium atoms
and 42 mW/cm2 for strontium atoms, for their usual laser
cooling transitions. On the other hand, random lasers—
mirrorless lasers where feedback is provided by multiple
scattering �27�—have been realized experimentally �28,29�.
Here, nonlinear effects occur in the regime close to or above
the laser threshold. Since, at least in the regime of coherent
feedback �30�, interference is believed to play a decisive role
in the physics of the random laser, a better understanding of
the influence of nonlinearity �and amplification� on the prop-
erties of coherent wave transport becomes necessary.
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II. MOTIVATION AND OUTLINE

In a recent contribution �31�, we have shown that nonlin-
ear scattering may fundamentally affect interference in mul-
tiple scattering. Indeed, in the perturbative regime of at most
one scattering event with ��3� nonlinearity, there are now
three �and no longer two� CBS interfering amplitudes. De-
pending on the sign of the nonlinearity, i.e., depending
whether nonlinear effects enhance or decrease the scattering
cross section, the effect of this three-wave interference effect
leads to a significant increase or decrease of the nonlinear
CBS enhancement factor.

The purpose of the present paper is, on the one hand, to
provide a detailed derivation of the equations for the nonlin-
ear coherent backscattering signal used in �31�, and, on the
other one, to extend the treatment of �31� to the case of
atomic scatterers. Here, in contrast to the classical case, light
is scattered inelastically, i.e., the scattered photons may
change their frequencies. This leads to dephasing between
interfering amplitudes and, consequently, to a reduction of
the CBS enhancement factor in addition to the nonlinear
modifications mentioned above. Theoretical studies of this
inelastic decoherence mechanism have been so far restricted
to the case of two atoms �32–34�. Since the total �linear and
nonlinear� elastic signal can be filtered out by means of a
suitable frequency-selective detection, a clear experimental
study of inelastic, nonlinear CBS becomes possible. Please
note that this would be otherwise very difficult to achieve
since for weak intensities—the regime where our theory is
valid—the linear signal generally greatly dominates over the
nonlinear one. In this paper, we will show that the enhance-
ment factor for inelastically scattered light significantly ex-
ceeds the linear barrier of 2 in certain frequency windows. In
contrast, the total enhancement factor—including also elasti-
cally scattered light—is diminished by nonlinear scattering.
This is due to the negative sign of the total nonlinear com-
ponent, since the total �elastic plus inelastic� scattering cross
section is decreased by saturation.

The paper is organized as follows. In Sec. III, we present
the perturbative theory for nonlinear CBS of light scattered
off a sample of cold two-level atoms. “Perturbative” here
means that we restrict ourselves to the regime of scalar—i.e.,
we forget the polarization of the photon—two-photon scat-
tering with at most one nonlinear scattering event. This as-
sumption is valid at sufficiently low probe intensities and not
too large optical thicknesses. After briefly sketching the main
results of the linear case, Sec. III A, we derive equations for
the nonlinear backscattering signal in Sec. III B. The latter
contains an inelastic and an elastic component. The latter
again splits into a nonlinear and a linear part. In Sec. III C,
supplemented by the Appendix, we show how to generalize
our scalar theory to the vectorial case by explicitly taking
into account the light polarization degrees of freedom. It is
shown that nonlinear polarization effects lead to decoherence
between interfering paths. In contrast to the linear case, this
decoherence mechanism cannot be avoided by a suitable
choice of the polarization detection channel. In order to em-
phasize the generality of our approach, we briefly discuss in
Sec. III D a model of classical, nonlinear scatterers, which
reproduces the elastic backscattering signal of the atomic

model. In Sec. IV, we apply our theory to the case of a
disordered atomic medium with slab geometry. We look at
the dependence of the backscattering signal as a function of
the optical thickness and of the detuning of the laser from the
atomic resonance. In particular, we show that the enhance-
ment factor for the inelastic component significantly exceeds
the linear barrier of 2 in certain frequency windows. Finally,
Sec. V concludes the paper.

III. THEORY

In this section, we present the perturbative theory for non-
linear coherent backscattering of light from a gas of cold
two-level atoms. We first treat the linear component of the
backscattering signal, which results from scattering of inde-
pendent photons. Thereby we introduce the reader, in Sec.
III A, to standard methods used in linear multiple-scattering
theory �35�, which we will then generalize to the nonlinear
case in Sec. III B.

A. Scalar linear regime

1. One-photon scattering amplitude

By definition, the linear component of the photodetection
signal is proportional to the incoming intensity, in particular
to the number of photons in the initial laser mode. Since this
implies that the photons are independent from each other, it
is sufficient to know how a single photon propagates in the
atomic medium �see Fig. 1�. This is equivalent to using the
usual Maxwell’s equations for a disordered medium �35�.

In the weak-scattering regime, which we will consider
throughout this paper, transport is depicted as a succession of
propagation in an average medium interrupted by scattering
events. The important building block to properly describe
scattering and average propagation is the one-photon scatter-
ing amplitude by a single atom. For near-resonant scattering,
and for atoms with no ground-state internal Zeeman degen-
eracies, it reads

S� =
− 4�i

k�1 − 2i�/��
. �1�

It can be derived from the elastically bound electron model
in the limit of small light detuning �=�−�at�� ,�at �35�.

FIG. 1. Scattering path of a single photon entering the medium
and leaving it in the backscattering direction to reach the detector.
Straight lines depict average propagation in the effective medium
while full circles depict scattering events labeled by the rn.
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The atomic angular transition frequency is �at whereas the
atomic transition width � describes radiative decay. The pho-
ton wave number is k and the photon angular frequency is
�=ck �c being the vacuum speed of light�.

For simplicity, we work here with scalar photons, i.e., we
discard the vectorial nature of the light field. Scattering is
then fully isotropic and the differential scattering cross sec-
tion simply reads

d�

d	
= � S�

4�
�2

=
�

4�
�2�

leading to

� =
�0

1 + �2�/��2 , �0 =
4�

k2 , �3�

where �0 is the on-resonance scattering cross section.
The scalar assumption is not a crucial one: as will be

shown in Sec. III C, the following treatment can be general-
ized to the vectorial case. Please note, however, that the in-
clusion of internal degeneracies is not immediately simple
and requires a separate treatment on its own. This is so be-
cause then the internal dynamics is no longer simple �optical
pumping sets in�. In this respect the results presented
throughout this paper only apply to nondegenerate ground-
state atoms. Please note also that internal degeneracies are
already known to strongly reduce the CBS effect in the linear
regime �24,25�.

2. Linear refraction index

Between two successive scattering events occurring at r
and r�, the photon experiences an effective atomic medium
with refractive index n�. Formally, the resulting propagation
is described by the average Green’s function

G��r,r�� = −
ein�k�r−r��

4��r − r��
, �4�

where the refractive index is given by �36�

n� = 1 −
�

�k�
+

i

2k�
. �5�

The imaginary part of n� describes depletion by scattering.
This depletion gives rise to the exponential attenuation of the
direct transmission through the sample �Beer-Lambert law�
and defines, via the optical theorem, the linear mean free
path at frequency � as

� =
1

N�
�6�

where N denotes the density number of atoms in the sample.
The weak-scattering condition, where all the previous �and
following� results are valid, then simply reads k�
1.

3. Linear radiative transfer equation

We have now at hand all the necessary ingredients to
write down the amplitude of a multiple-scattering process

like the one sketched in Fig. 1. We consider a scattering
volume V exposed to an initial monochromatic field with
amplitude E0 propagating along axis z. The transverse area of
the scattering volume is �. Since k�
1, a semiclassical pic-
ture using well-defined scattering paths is appropriate. For a
given scattering path Cn��r1→¯→rn� labeled by the col-
lection of scattering events, the corresponding far-field am-
plitude radiated at position R of the detector placed in the
backscattering direction is

E�Cn� = −
eikR

4�kR
A�Cn�E0. �7�

The complex amplitude A�Cn� is simply a product of one-
photon scattering amplitudes �1� and of Green’s functions
�4�:

A�Cn� = kS�eikn��z1+zn��	
i=1

n−1

S�G��ri,ri+1�
 �8�

where zi is the distance from the boundary of the medium to
the position where scattering event i occurs. The superposi-
tion principle then gives the total electric field amplitude E as
a sum over all possible scattering paths Cn:

E = −
eikR

4�kR
E0A, A = �

Cn

A�Cn� . �9�

The total average intensity is obtained by squaring �9� and
averaging over all possible scattering events. We define the
total dimensionless bistatic coefficient as

�el
�1� =

4�R2

�E0
2 ��E�2dis av =

1

4�k2�
��A�2dis av. �10�

We now assume complete cancellation of interference ef-
fects between different scattering paths �random-phase or
Boltzmann approximation�. We then obtain the background
�or “ladder”� component of the backscattering signal:

�el
�1� � Lel

�1� = �
n=1

 Nn

4�k2�
�

V

dr1 ¯ drn�A�Cn��2. �11�

This formula has a well-defined limit when �→ and
thus can be applied to slab geometries. Please note that, in
writing Eq. �11�, we have also discarded recurrent scattering
paths, i.e., paths visiting a given scatterer more than once.
Both approximations are justified in the case of a dilute me-
dium, k�
1 �37�.

We rewrite Eq. �11� as

Lel
�1� =� dr

��
I��r�e−z/�, �12�

with
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I��r� = e−z/� + �
n=1



Nn�
V

dr1 ¯ drn

� e−z1/�	
i=1

n

�S�G��ri,ri+1��2, �13�

where rn+1=r. This dimensionless function describes the av-
erage light intensity at r, in units of the incident intensity
I0=�0cE0

2 /2 �in W/m2� with �0 the vacuum permittivity. The
first term in Eq. �13� represents the exponential attenuation
of the incident light mode, i.e., light which has penetrated to
position r without being scattered �Beer-Lambert law�. The
remaining term describes the diffuse intensity, i.e., light
which has been scattered at least once before reaching r.
From Eq. �13�, one can easily show that I��r� satisfies the
radiative transfer integral equation �3�

I��r� = e−z/� +
4�

�
�

V

dr��G��r,r���2I��r�� . �14�

The required solution of Eq. �14� can be obtained numeri-
cally by iteration starting from I��r�=0.

4. Linear CBS cone

In fact, the preceding Boltzmann approximation �el
�1�

�Lel
�1� is wrong around the backscattering direction. Indeed,

on top of the background ladder component, one observes a
narrow cone of height Cel

�1� and angular width ��� �k��−1

�18�. In the regime k�
1, this so-called CBS cone arises
from the interference between amplitudes associated with re-

versed scattering paths Cn��r1→¯→rn� and Cñ��rn

→¯→r1�. Of course single scattering paths where n=1 do
not participate to this two-wave interference �since they are
exactly identical to their reversed counterparts� and must be
excluded from Cel

�1�. Thereby, we obtain the interference �or
“crossed”� contribution as

Cel
�1� = �

n=2

 Nn

4�k2�
�

V

dr1 ¯ drnA�Cn�A*�Cn
˜� . �15�

Thus, the bistatic coefficient in the backscattering direc-
tion reads �el

�1�=Lel
�1�+Cel

�1�. From Eq. �8�, we verify that the

reciprocity symmetry A�Cn�=A�Cn
˜ � is satisfied for scatter-

ers without any internal ground-state degeneracies. This al-
lows us to rewrite Eq. �15� as

Cel
�1� =� dr

��
�I��r� − e−z/��e−z/� = Lel

�1� − Sel
�1� �16�

where Sel
�1� is the single-scattering contribution. Hence, the

linear CBS enhancement factor, defined as

��1� = 1 + Cel
�1�/Lel

�1� = 2 − Sel
�1�/Lel

�1�, �17�

is always smaller than 2. It equals 2 if single scattering can
be filtered out �see Sec. III C�.

B. Scalar nonlinear regime

At higher incident intensities, the successive photon scat-
tering events become correlated. Indeed, absorption of one
single photon brings the atom into its excited state where it
rests for a quite long time �−1 without being able to scatter
other incident photons. This means that saturation of the op-
tical atomic transition sets in, inducing nonlinear effects and
inelastic scattering. In a perturbative expansion of the photo-
detection signal in powers of the incident intensity, the lead-
ing nonlinear term arises from scattering of two photons. In
order to generalize the above linear treatment to the two-
photon case, we first need to recall some relevant facts about
scattering of two photons by a single atom �32�.

1. One-atom two-photon inelastic spectrum

The two-photon scattering matrix S contains an elastic
and an inelastic part. The elastic part corresponds to two
single photons scattered independently from each other,
whereas the inelastic part describes a “true” two-photon scat-
tering process, where the photons become correlated and ex-
change energy with each other. To obtain the intensity of the
photodetection signal, the electric field operator E �evaluated
at the position of the detector� is applied on the final two-
photon state �f=S�i, with �i the initial state. Since E anni-
hilates one photon, this yields a single-photon state ��
=E�f, which describes the final state of the undetected pho-
ton. Like the scattering matrix S, it consists of an elastic and
an inelastic component:

�� = ��el + ��in . �18�

The inelastic part ��in is a spherical wave emitted by the
atom, whereas the elastic part ��el is a superposition of scat-
tered and unscattered light, thereby taking into account for-
ward scattering of the undetected photon. �Forward scatter-
ing of the detected photon does not need to be taken into
account, since the detector is placed in the backscattering
direction.� Finally, the norm I= �� �� of �� defines the in-
tensity of the photodetection signal. According to Eq. �18�, I
is the sum of the following three terms:

Iel
�1� = ��el��el , �19�

Iel
�2� = 2 Re���el��in� , �20�

Iin
�2� = ��in��in . �21�

So far, everything is valid for any two-photon scattering pro-
cess with an elastic and an inelastic component. In the spe-
cific case of a single atom, the following result is obtained:

Iel
�1� =

�

4�R2 I0, �22�

Iel
�2� = − 2Iel

�1�s , �23�

Iin
�2� = Iel

�1�s , �24�

with the incident intensity I0, and the saturation parameter s
defined by �38�
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s =
s0

1 + �2�/��2 , s0 =
I0

Is
, Is = �0c���

2d

2

�25�

where d is the atomic dipole strength and Is the saturation
intensity of the atomic transition.

The first term, Eqs. �19� and �22�, which arises from two
photons scattered independently from each other, reproduces
the linear single-photon cross section 4��= �S��2 �see Eq.
�1��. The following two terms correspond to nonlinear elastic
and inelastic scattering, respectively. For the case of a single
atom, the perturbative two-photon treatment is valid for s
�1, i.e., if the nonlinear terms are small compared to the
linear one.

The frequency spectrum of the elastically scattered light is
simply Fel����= �Iel

�1�+ Iel
�2������−�� whereas the frequency

spectrum of the inelastically scattered light is Fin����
= Iin

�2�P����. The continuous spectrum P���� is normalized to
unity according to �d��P����=1. It is obtained as follows
�32�:

P���� =
�

4�
� 1

�� + i�/2
+

1

2� − �� + i�/2
�2

, �26�

where ��=��−�at denotes the final detuning. This inelastic
spectrum consists of two peaks with width �, one located at
the atomic resonance ���=�at�, and the other one twice as
far detuned as the incident laser ���=�at+2��. For ��� /2,
the two peaks merge to a single one centered at ��=�.
Please note that, by going beyond the two-photon scattering
approximation, one would then get three peaks as predicted
by the nonperturbative calculation of the inelastic spectrum,
also known as the Mollow triplet �38�.

2. Nonlinear scattering in a dilute medium of atoms

Now, we generalize the above single-atom treatment to a
multiple-scattering process in a dilute medium of atoms.
First, we note that the above perturbative treatment—in par-
ticular Eqs. �19�–�21�—remains valid for any form of the
scattering sample, let it be a single atom, two atoms, or ar-
bitrarily many of them. An important difference from the
single-atom case, however, is that the total weight of nonlin-
ear processes may be drastically enhanced if the sample has
a large optical thickness b=L /�, where L is the typical me-
dium size. This implies that the condition s�1 is not suffi-
cient to guarantee the validity of the perturbative approach.
Instead, as we will argue in Sec. IV, the perturbative condi-
tion reads sb2�1.

A typical two-photon scattering path is sketched in Fig. 2.
Here, the incoming photons propagate at first independently
from each other to position r inside the disordered atomic
medium, where they undergo a nonlinear scattering event.
One of the two outgoing photons then propagates back to the
detector. The possibility that the two photons meet again at
another atom can be neglected in the case of a dilute me-
dium, similar to recurrent scattering in the linear case �37�.
We can hence restrict our analysis to processes like the one
shown in Fig. 2, with arbitrary numbers of linear scattering
events before and after the nonlinear one. Thus one of the
two incoming photons undergoes n�0 elastic scattering

events �labeled by ui�, while the other undergoes m�0 elas-
tic scattering events �labeled by v j�, before merging at r
where they undergo the inelastic scattering event. One of the
outgoing inelastic photons reaches back the detector after
having undergone l�0 elastic scattering events �labeled by
positions wk�. For the other undetected inelastic photon, we
may assume, without any loss of generality, that it does not
interact anymore with the atomic medium. This interaction
would anyway be described by a unitary operator �as a con-
sequence of energy conservation�, which does not change the
norm of the state �� of the undetected photon defining the
detection signal.

In general, the state of the inelastic undetected photon
corresponding to a scattering path C defined by the position
r of the two-photon scattering event and by the collection of
positions of all one-photon scattering events C��u ,v ,r ,w�
is given as follows:

��in�C� = eikn��zu1
+zv1

�	
i=1

n

S�G��ui,ui+1�	
j=1

m

S�G��v j,v j+1�

�� d�������in	
k=1

l

S��G���wk,wk+1�

�eikn��zw1�1, n = m = 0,

2, n � 0 or m � 0,
� �27�

with un+1=vm+1=wl+1=r, ��� the projector on photon states
at frequency ��, and ��in the inelastic final state of the one-
atom case, Eq. �18�. Since the inelastic two-photon scattering
event takes place at position r, this state describes an outgo-
ing spherical wave emitted at r. Furthermore, note that if the
two incoming photons do not both originate from the inci-
dent mode, i.e., if n�0 or m�0, a factor 2 arises due to the
fact that the incoming photons can be distributed in two dif-
ferent ways among the paths �u� and �v�.

The elastic component ��el�C� is obtained in a similar
way. However, as in the single-atom case, we must take into
account forward scattering of the undetected photon, at the
position r of the nonlinear event. This is done by considering
the superposition of two diagrams where the undetected pho-
ton is scattered or not scattered at r �see Figs. 3�a� and 3�b��.
Since this approach exactly parallels the one known from the
single-atom case �32�, it is unnecessary to present the com-

FIG. 2. In the perturbative approach, we assume a single non-
linear two-photon scattering event ���, but arbitrarily many linear
scattering events ���. One of the two photons is finally annihilated
by the detector, thereby defining the photodetection signal, whereas
the other one is scattered into an arbitrary direction.
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plete calculation of the elastic component in detail—all rel-
evant ingredients to perform the generalization to the multia-
tom case will be contained in the calculation of the inelastic
component. In contrast to the single-atom case, however, the
elastic component will enter in the calculation of the nonlin-
ear average propagation, i.e., the nonlinear modification of
the refractive index �Kerr effect�, and will be discussed later.
At first, we concentrate on the processes of nonlinear scat-
tering, i.e., processes changing the direction of propagation
of the detected photon.

As for the linear case, we still assume the same dilute
medium approximations to hold for the “ladder” and
“crossed” contributions. Thus, in order to calculate the aver-
age photodetection signal, we just keep scattering diagrams
obtained by reversing the path of the detected photon. Fur-
thermore, we also neglect interference between diagrams
where the nonlinear scattering event occurs at different at-
oms. This is justified in the dilute case since the overlap
between two spherical waves emitted at r and r� vanishes if
k�r−r��
1.

3. Nonlinear ladder contribution

To obtain the inelastic component of the average back-
scattering signal, we first get the total final state of the un-
detected photon by summing Eq. �27� over all possible dif-
ferent scattering paths C. Then we insert this result into Eq.
�21� and we finally average over the random positions of the
scatterers. As argued above, only identical or reversed scat-
tering paths are retained in the average, giving rise to the
background �ladder� and interference �crossed� components.
Thus, the inelastic background component reads as follows:

Lin
�2� = �

V

dr �
�n,m,l�=0

 Nn+m+l+1

4�k2�
�

V
	
i=1

n

dui	
j=1

m

dv j	
k=1

l

dwk

� ��in�C���in�C� � �1 if n = m = 0,

1/2 otherwise.
� �28�

Note that some care must be taken not to sum twice over
the same scattering path. In particular, any exchange of the
two incoming parts �u� and �v� leaves the total scattering
path unchanged since the two incoming photons are identi-
cal. For this reason, a factor 1 /2 must be inserted at the end
of Eq. �28�. Again, as in Eq. �27�, the case n=m=0 is excep-
tional, since then there is no elastic scattering event before

the nonlinear one: the two incident photons remain in the
same mode.

If we insert now Eq. �27� into Eq. �28�, we simply obtain
the inelastic nonlinear ladder contribution as

Lin
�2� = s� dr

��
�2I�

2 �r� − e−2z/�� � d��P����I���r� , �29�

with I��r� the linear average intensity �see Eq. �14��. In order
to interpret this result, we first note that the inelastic intensity
radiated by the atom at position r is proportional to the mean
squared intensity at r. An alternative, physically transparent
derivation of the latter can be performed as follows. We write
the local field amplitude A=exp�−z /2��+AD as a sum of
coherent and diffuse light amplitudes. The latter term exhib-
its Gaussian speckle statistics �39�, i.e., �ReAD= �Im AD
=0, 2��ReAD�2=2��Im AD�2= ���AD��2, and ��AD�4
=2��AD�22. Thereby, we obtain for the mean squared inten-
sity

��A�4 = e−2z/� + ��AD�4 + 4e−z/���AD�2 �30�

=2��A�22 − e−2z/�. �31�

Inserting the average intensity I�= ��A�2, we immediately
recognize the first integrand in Eq. �29�. Then the atom emits
a photon with frequency distribution P����. Finally, due to
time-reversal symmetry, the propagation of this photon from
r to the detector is described by the same function I���r�
which represents propagation of incoming photons to r.

Concerning the elastic component, the diagrammatic cal-
culation via Eq. �20� �see also Figs. 3�a�–3�c�� shows that the
above argument can be repeated in the same way—except
for the fact that the detected photon does not change its fre-
quency. Furthermore, a factor −2 is taken over from the
single-atom expression �cf. Eqs. �23� and �24��. Thereby, we
obtain

Lel
�2,scatt� = − 2s� dr

��
�2I�

2 �r� − e−2z/��I��r� . �32�

The index “scatt” reminds us that we have treated only non-
linear scattering so far. Below �Sec. III B 5�, we will add
nonlinear average propagation, which contributes to the elas-
tic nonlinear component, too.

4. Nonlinear crossed contribution

It remains to calculate the crossed contribution, i.e., inter-
ference between reversed paths. In contrast to the linear case,
where there are always two interfering amplitudes �apart
from single scattering�, the nonlinear case admits more pos-
sibilities to reverse the path of the detected photon. This is
due to the photon exchange symmetry at the nonlinear scat-
tering event, which does not allow us to distinguish which
one of the two incoming photons finally corresponds to the
detected or undetected one. As evident from Fig. 4�c�, each
multiple-scattering path where both incoming photons, or
one incoming and the outgoing detected photon, exhibit at
least one linear scattering event besides the nonlinear one has
two different reversed counterparts, leading in total to three
interfering amplitudes.

FIG. 3. The elastic component ���r , �u ,v ,w��el of the undetec-
ted photon state arises from a superposition of the following three
processes: �a� both photons elastically scattered at r, �b� only the
detected photon scattered at r, and �c� only the undetected photon
scattered at r. The last two diagrams are necessary to take into
account the nonlinear average propagation of the undetected �b� or
detected �c� photon.
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If we look at the scattering process shown in Fig. 2, the
two reversed counterparts are obtained by exchanging the
outgoing detected photon �w� with either one of the incom-
ing photons �u� or �v�. Since both cases are identical in the
ensemble average, we may restrict ourselves to one of them,

let us say �v�. We thus denote by C̃��u ,w ,r ,v� the reverse
path corresponding to C��u ,v ,r ,w� when �v� and �w� are
exchanged. In total, we obtain for the inelastic interference
component

Cin
�2� = �

V

dr �
�n,m,l�=0

 Nn+m+l+1

4�k2�

� �
V
	
i=1

n

dui	
j=1

m

dv j	
k=1

l

dwk��in�C���in�C̃�

� �0 if m = l = 0,

1 otherwise.
� �33�

Here, the case m= l=0 identifies processes where the two

reversed paths C and C̃ are indistinguishable. Setting their
contribution equal to zero accounts in particular for the
single-scattering case depicted in Fig. 4�a�, i.e., n=m= l=0,
which does not contribute to the interference cone. The case
Fig. 4�b� remains with two contributions �n=m=0, l�0, and
n= l=0, m�0, respectively� in Eq. �33�, corresponding to the
fact that two amplitudes interfere. Finally, the case �c� of
three interfering amplitudes is reflected in Eq. �33� by the
absence of the exchange factor 1 /2, as compared to the back-
ground Eq. �28�. Thereby, the interference contribution can,
in principle, become up to twice larger than the background.

If we insert the state of the undetected photon, Eq. �27�,
into Eq. �33�, we encounter the following expression:

g�,���r� = eik�n�−n
��
* �z + �

n=1



Nn�
V

dr1 ¯ drn

� eik�n�−n
��
* �z1	

i=1

n

S�G��ri,ri+1�S��
* G��

* �ri,ri+1� ,

�34�

which generalizes the local intensity Eq. �13� to the case
where two different frequencies occur in the interfering
paths. Numerically, it can be obtained as the iterative solu-
tion of

g�,���r� = eik�n�−n
��
* �z + NS�S��

*

� �
V

dr�G��r,r��G��
* �r,r��g�,���r�� . �35�

This function describes the ensemble-averaged product of
two probability amplitudes, one representing an incoming
photon with frequency � propagating to position r, and the
other one the complex conjugate of a photon with frequency
�� propagating from r to the detector. If ����, then these
amplitudes display a nonvanishing phase difference due both
to scattering and to average propagation in the medium. This
leads on average to a decoherence mechanism and conse-
quently to a loss of interference contrast. Indeed, both the
complex scattering amplitude Eq. �1� and the refractive index
Eq. �5� depend on frequency. In contrast, the phase differ-
ence due to free propagation �i.e., in the vacuum� can be
neglected if ���c, which is satisfied for typical experimen-
tal parameters �40,41�. In the case �=�� of identical fre-
quencies, g�,��r�= I��r� reduces to the average intensity �see
Eq. �14��.

In terms of the iterative solution of Eq. �34�, the inelastic
interference term Eq. �33� is rewritten as follows:

Cin
�2� = 4s� d��P�����

V

dr

��
�I��r��g�,���r��2

− e−z/� Re�ei�n�−n
��
* �kzg�,��

* �r��

− �I��r� − e−z/��e−z/�−z/��� , �36�

with �� the linear mean free path at frequency ��. In the
elastic case, where ��=�, dephasing between reversed scat-
tering paths does not occur, and the expression �36� simpli-
fies to:

Cel
�2,scatt� = − 8s�

V

dr

��
�I��r�3 − 2I��r�e−2z/� + e−3z/�� .

�37�

Since, in the elastic case, there is no loss of coherence due to
change of frequency, the elastic interference component, Eq.
�37�, is completely determined by the relative weights of the
one-, two-, and three-amplitude cases exemplified in Fig. 4.
This can be checked by rewriting the background and inter-
ference components, Eqs. �32� and �37�, in terms of diffuse

FIG. 4. In the presence of nonlinear scattering ���, there may be
either �b� two, or �c� three interfering amplitudes contributing to
enhanced backscattering, apart from single scattering �a�, which
only contributes to the background. In general, the case �c�, which
corresponds to maximum enhancement factor 3, is realized if either
both incoming photons or one incoming and the outgoing detected
photon exhibit at least one linear scattering event ��� besides the
nonlinear one.
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and coherent light, respectively, i.e., by writing I= ID
+exp�−z /��. One obtains

�38�

where the angular brackets denote the integral over the vol-
ume V of the medium, and �a�, �b�, �c� correspond to the
three cases shown in Fig. 4, identified by different powers of
diffuse or coherent light. As expected, the three-amplitude
case �c� implies an interference term twice as large as the
background. In the two-amplitude case �b�, a small compli-
cation arises, since one of the two interfering amplitudes is
twice as large as the other one �i.e., the one where both
incoming photons originate from the coherent mode�; cf. the
discussion after Eq. �27�. In this case, the interference con-
tribution 2�1+1�2=4 is smaller than the background 2
�2+1�1=5. Finally, as it should be, the single-scattering
term �a� is absent in the interference term Cel

�2,scatt�.

5. Nonlinear average propagation

So far, we have only considered processes of nonlinear
scattering where the direction of propagation of the detected
photon is changed. It remains to take into account nonlinear
average propagation. This is described by those processes
where, in one of the two interfering amplitudes, the detected
photon is not scattered at the position r of the nonlinear
event �44�. The corresponding diagrams are depicted in Fig.
5, where the two interfering amplitudes are represented by
the solid and dashed lines, respectively. Here, the solid lines
correspond to an inelastic two-photon scattering process �like
the one shown in Fig. 2�, whereas the dashed lines represent
an elastic process, where the two photons are independent
from each other �see Fig. 3�c��. Hence, their interference
contributes to the nonlinear elastic component of the photo-
detection signal �cf. Eq. �20��.

The three diagrams shown in Fig. 5 differ only by the fact
that the nonlinear propagation event takes place either be-
tween two scattering events at positions 1 and 2 �a�, on the
way to the detector, i.e., after the last scattering event at
position 1 �b�, or in the coherent mode, i.e., before the first
scattering event at position 1 �c�. First, let us examine the

case �a�. We imagine that each of the three dots � may
represent an arbitrary number of scattering events. �Only
note that the number of events corresponding to the dots and
1 and 2 must be larger than zero—otherwise, the diagram
Fig. 5�a� would be identical to Fig. 5�b� or 5�c�.� According
to the theory of linear radiative transfer outlined in Sec.
III A, the ladder diagrams corresponding to the two incom-
ing photons arriving at 1 �position r1� and at the nonlinear
event � �position r3� yield the linear local intensities I��r1�
and I��r3�, respectively. Likewise �due to reciprocity symme-
try�, the propagation of the outgoing detected photon from 2
�position r2� to the detector—with arbitrary number of scat-
tering events in between—is given by I��r2�. Hence, the only
ingredient that we have to calculate is the nonlinear propa-
gation between 1 and 2. Note that, when taking the average
over the position r3 of the nonlinear event, non-negligible
contributions arise only if r3 is situated on the straight line
between r1 and r2, since this is the only way to satisfy a
stationary-phase �or phase-matching� condition. Thereby, the
“pump intensity” entering in the nonlinear propagation is
given by the average value of the local intensity on this line,
which we denote by �I�r1→r2

. We do not want to present the
complete calculation here �this requires us to calculate at first
the case of a single atom, which can be done with the tech-
niques described in �32��, but just give the final result:

�G�
�nl,a��r1,r2��2 = �G��r1,r2��2

2sr12

�
�I�r1→r2

. �39�

From this, we deduce the following value for the nonlinear
mean free path:

1

��nl��r�
=

1

�
�1 − 2sI��r�� , �40�

which is consistent with Eq. �39�, if we expand the resulting
propagator �where the mean free path appears in the expo-
nent� up to first order in s. The same result is also obtained in
the case of diagram Fig. 5�b�, i.e., for the propagation after
the last scattering event. Hence, the corresponding propaga-
tor �first order in s� reads

�G�
�nl,b��r1��2 = e−z1/�2sz1

�
�I�r1→r0

, �41�

where r0=r1−z1ez, with ez the unit vector pointing in the
direction of the incident laser, denotes the point where the
photon leaves the medium. In the case �c�, a small compli-
cation arises since the photons arriving at the nonlinear event
� may originate both from the coherent mode, which re-
duces the two-photon scattering amplitude by a factor 1 /2
�cf. the discussion after Eq. �27��. Hence, the nonlinear mean
free path for photons from the coherent mode reads

1

�c
�nl��r�

=
1

�
�1 − 2sI��r� + se−z/�� , �42�

with the corresponding propagator

FIG. 5. Diagrammatic description of nonlinear propagation. A
two-photon process �solid lines� interferes with two independent
single photons �dashed lines�. Only one of the latter �the undetected
photon� is scattered at �, thereby modifying the propagation of the
detected photon �a� between two scattering events at positions 1 and
2, �b� on the way to the detector after the last scattering event at
position 1, or �c� in the coherent mode before the first scattering
event at position 1.
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�G�
�nl,c��r1��2 = e−z1/�sz1

�
�2I��r� − e−z/�r0→r1

. �43�

The difference between the mean free paths, Eqs. �40� and
�42�, can also be understood as a consequence of the differ-
ent properties of intensity fluctuations for diffuse and coher-
ent light �see Eq. �30��, which determine the nonlinear
atomic response.

In total, we obtain for the background component

Lel
�2,prop� =

N
��
�

V

dr1dr2I��r1�I��r2��S�G�
�nl,a��r1,r2��2

+ �
V

dr1

��
I��r1���G�

�nl,b��r1��2 + �G�
�nl,c��r1��2� .

�44�

In the case of a slab of length L, Eq. �44� can be simplified to

Lel
�2,prop� = s�

0

L dz

�
I��z��2I��z�2 − 2I�

2 �L� + e−2z/� − e−z/�� .

�45�

Concerning the interference component, we find the same
phenomenon which we have already observed in the case of
nonlinear scattering: if we exchange outgoing and incoming
propagators, we find twice as many crossed as ladder dia-
grams �see Fig. 6�. In particular, the diagrams �d�, �e�, �f�,
which could be seen as a modification of the linear refractive
index by the local crossed intensity—thus affecting the �lad-
der� average propagation—are not considered in previously
published papers, concerning either classical linear scatterers
in a nonlinear medium �20,21� or nonlinear scatterers in the
vacuum �31,42�. Even if, at first sight, these diagrams look
unusual, our numerical calculations �see Sec. III D� suggest
that they play an important role, at least in our situation
where nonlinear scattering and nonlinear propagation origi-
nate from the same microscopic process.

Due to the reciprocity symmetry �remember that nonlin-
ear propagation contributes to the elastic component, i.e., no
decoherence due to change of frequency�, each of the dia-

grams in Fig. 6 gives the same contribution as the corre-
sponding ladder diagram in Fig. 5. Hence, to first approxi-
mation, the interference contribution from nonlinear
propagation equals twice the background Eq. �44�. Some
care must be taken, however, if photons arriving at �or de-
parting from� the nonlinear event �or position 1� originate
from the coherent mode. In such cases, it may happen that
some of the diagrams depicted in Figs. 5 and 6 coincide, and
we should not count them twice. �This is analogous to the
distinction between the cases �a�, �b�, �c� in Fig. 4, or to the
suppression of single scattering in the linear case.�

Taking this into account �for details, we refer to the dis-
cussion after Eq. �A8� in the Appendix�, we find

Cel
�2,prop� = 2Lel

�2,prop� − 3�
V

dr1

��
�e−z1/��G�

�nl,c��r1��2

+ I�r1�e−z1/�s�1 − e−z1/��� . �46�

In the case of a slab, we obtain

Cel
�2,prop� = 2Lel

�2,prop� − 3s�
0

L dz

�
I�z��e−z/� − e−2b�

+ s�1

2
−

3

2
e−2b + e−3b
 , �47�

where b=L /� denotes the �linear� optical thickness of the
slab.

Thereby, we have completed the perturbative calculation
of the backscattering signal for the scalar case. The total
signal is obtained as the sum of the various components dis-
cussed above:

L = Lel
�1� + Lel

�2,scatt� + Lel
�2,prop� + Lin

�2�, �48�

C = Cel
�1� + Cel

�2,scatt� + Cel
�2,prop� + Cin

�2�. �49�

Before we present the numerical results in Sec. IV, we will
generalize the above results to the vectorial case. This is
important since polarization does not only lead to slight
modifications for low scattering orders, as in the linear case.
Apart from that, we will see that it also induces decoherence
between reversed paths, thereby reducing the nonlinear inter-
ference components.

C. Incorporation of polarization: Vectorial case

First, including the polarization modifies the scalar ex-
pressions Eqs. �1� and �6� for the linear mean free path and
the atom-photon scattering amplitude by a factor 2 /3:

�̂ = �1 +
4�2

�2 
 k2

6�N
, �50�

S̃� =
− 6�i

k�1 − 2i�/��
. �51�

The Green’s function Eq. �4� remains unchanged, except for
the fact that the modified expression for the mean free path,

FIG. 6. Interference contributions from nonlinear propagation.
The diagrams �a�–�f� are obtained from the ladder diagrams �see
Fig. 5� by reversing the paths of the respective photons. Just as in
the case of nonlinear scattering, there are twice as many diagrams
contributing to the interference cone as to the background.
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Eq. �50�, must be inserted in the refractive index. However,
the angular anisotropic character of the atom-photon scatter-
ing is not yet contained in Eq. �51�. This is treated by pro-
jection of the polarization vector as follows. If the photon,
with incoming polarization �1 is scattered at r1, and the next
scattering event takes place at r2, the new incoming polar-
ization reads

�2 = �r1,r2
�1, �52�

where �r1,r2
denotes the projection onto the plane perpen-

dicular to r1-r2. Finally, the detection signal after n scattering
events is obtained as �D

* �n, with the detector polarization �D.
Thus, the linear background �ladder� contribution reads

�cf. Eqs. �8� and �11��

L̂�1,el� = �
n=1

 � dr1

A�̂
Nn−1�

V

dr2 ¯ drne−z1/�̂

� �	
i=1

n−1

�Ŝ�Ĝ��ri,ri+1��2
e−zn/�̂

�
3

2
��D

* �rn−1,rn
¯ �r1,r2

�L�2, �53�

where �L denotes the initial laser polarization. By choosing a
given circular polarization, for example �L= �1, i ,0� /�2, and
by detecting the signal in the helicity-preserving h �h polar-
ization channel ��D=�L

*�, then the single-scattering contribu-
tion in Eq. �53� �n=1 term� is filtered out. We thus recover
the enhancement factor 2, meaning Cel

�1�=Lel
�1�. Apart from

that, however, polarization does not play a very important
role: the distribution of higher scattering orders n�1 is only
slightly modified, and the reciprocity symmetry remains
valid, provided that �D=�L

*.
The situation changes in the nonlinear regime of two-

photon scattering. With the initial and final polarizations �1,2
and �3,4, respectively �see Fig. 7�a��, the polarization-
dependent term of the two-photon scattering matrix reads

Sp =
1

2
���1�4

*���2�3
*� + ��1�3

*���2�4
*�� . �54�

The prefactor 1 /2 is chosen such that Sp represents correctly
the polarized scattering amplitude in units of the correspond-
ing scalar one. From Eq. �54�, the photon exchange symme-

try becomes evident: the outgoing photon 3, e.g., can equally
well be associated with the incoming photon 1 or 2. If we
trace over the undetected photon, which we may label as
photon 4, for example, we obtain for the ladder component

��L���1,�2;�3� = �
�4

�Sp�2 =
1

4
���2�3

*�2 + ��1�3
*�2

+ 2 Re���1�2
*���2�3

*���3�1
*��� .

�55�

If we assume a random uniform distribution for the polariza-
tion vectors, we obtain ���L�=2/9, which is smaller than the
linear counterpart ���n�D

* �2=1/3. Hence, in the vectorial
case, the relative weight of the nonlinear contribution is ap-
proximately one-third smaller than in the scalar case—at
least far inside the medium, where the polarization is suffi-
ciently randomized.

Concerning the interference �crossed� contribution, we
exchange the direction of the outgoing detected photon 3 and
one of the incoming photons, for example photon 2. Note
that we obtain in general different polarizations �̃2,3 for the
reversed counterparts of �2,3 �see Fig. 7�b��. Indeed, the re-
versed photons have the same polarizations, �̃2,3=�2,3, only if
the laser and detector polarizations are identical ��D=�L�.
Consequently, the scattering amplitude for the complex con-
jugate photon pair reads

S̃p =
1

2
���1�4

*���̃3�̃2
*� + ��1�̃2

*���̃3�4
*�� . �56�

Note that even in the helicity-preserving polarization chan-
nel, i.e., �̃2,3=�2,3

* , the reversed scattering amplitudes Eqs.
�54� and �56� are in general not equal. Only the first term,
where photon 2 is associated with photon 3, remains un-
changed if those two photons are reversed. As a conse-
quence, the polarization induces a loss of coherence, i.e., a
reduction of the crossed term as compared to the scalar case.
The sum over the polarization of photon 4 yields

��C���1,�2, �̃3,�3, �̃2� = �
�4

SpS̃p
*

=
1

4
���2�3

*���̃2�̃3
*� + ��2�3

*���1�̃3
*���2�1

*�

+ ��1�3
*���2�̃3

*���2�1
*� + ��1�3

*���2�1
*�

���2�3
*�� . �57�

If we assume �̃2,3=�2,3
* , i.e., the h �h channel, we obtain

���C�=3/18 on average. Hence, in this channel, the
polarization-induced loss of contrast is approximately
���C� / ���L�=3/4.

Finally, to obtain the polarization dependence of nonlinear
propagation, we label the photons as shown in Fig. 8. Let us
first examine the ladder term, Fig. 8�a�. The solid lines are
described by the two-photon amplitude Eq. �54�, whereas the
dashed lines give the complex conjugate of ��2�4

*���1�3
*�. Af-

ter integration over photon 4, the result is

FIG. 7. Polarization vectors associated with the two-photon
scattering matrix for two reversed scattering amplitudes �a� and �b�.
Note that the corresponding reversed scattering amplitudes Eqs.
�54� and �56� are different—even in the helicity-preserving polar-
ization channel, i.e., if �̃2,3=�2,3

* . This leads to a reduction of the
CBS interference cone by a factor 3 /4, on average.
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��L,prop���1,�2,�3� =
1

2
���1�2

*���2�3
*���3�1

*�

+ ��1�3
*���2�2

*���3�1
*�� . �58�

Concerning the crossed diagrams, we distinguish between
the two cases shown in Figs. 8�b� and 8�c�. �In Fig. 6, these
correspond to �a�, �b�, �c�, on the one hand, and �d�, �e�, �f�,
on the other hand.� As for the case �b�, nothing changes since
the reversed photon does not participate in the nonlinear
event. In case �c�, we obtain

��C,prop���1,�2,�3, �̃2, �̃3� =
1

2
���1�2

*���3�2
*���3�1

*�

+ ��1�2
*���3�2

*���3�1
*�� . �59�

When determining the average values of the nonlinear propa-
gation terms, it must be taken into account that �1 and �3 are
not independent from each other, since they propagate in the
same �or opposite� direction. Thus, we find ���L,prop�=1/3
and ���C,prop�=1/6. Hence, the loss of contrast equals 1 /2
in case �c�, whereas reciprocity remains conserved �i.e., no
loss of contrast� in case �b�. Averaging over �b� and �c�, this
yields the same contrast 3 /4 as for nonlinear scattering.

What remains to be done to obtain the vectorial back-
scattering signal is to incorporate the above expressions into
the corresponding scalar equations. The resulting equations
can be found in the Appendix, together with a description of
the Monte Carlo method which we use for their numerical
solution.

D. Classical model

We want to stress that our perturbative theory of nonlinear
coherent backscattering is not only valid for an atomic me-
dium, but can be adapted to other kinds of nonlinear scatter-
ers. In particular, the effect of interference between three
amplitudes is always present in the perturbative regime of a
small ��3� nonlinearity. Specifically, we have also examined
the following model: a collection of classical isotropic scat-
terers, situated at positions ri, i=1, . . . ,N. In analogy to the
atomic model, we assume that the field scattered elastically

by an individual scatterer at position ri is proportional to
Ei / �1+s�Ei�2�, where Ei is the local field at ri, and s measures
the strength of the nonlinearity. Writing Ei as a sum of the
incident field and the field radiated by all other scatterers, we
obtain the following set of nonlinear equations:

Ei = eikL·ri + i�
j�i

eikrij

krij

Ej

1 + s�Ej�2
. �60�

Employing diagrammatic theory similar to the one out-
lined above, we have checked that, in the ensemble average
over the positions ri, this model indeed reproduces the elastic
components of the backscattering signal of the atomic model.
We have checked that the results obtained from direct nu-
merical solutions of the field equations �60�—averaged over
a sufficiently large sample of single realizations—agree with
our theoretical predictions, in the perturbative regime of
small nonlinearity s. In particular, the diagrams �d�, �e�, �f� of
Fig. 6, describing the interference contributions from the
nonlinear propagation, are essential to give the correct re-
sults. A more detailed analysis will be presented elsewhere.

Furthermore, it remains to be clarified whether the dia-
grams �d�, �e�, �f� are also relevant for the description of
propagation in homogeneous nonlinear media, into which
linear scatterers are embedded at random positions. First
studies of the resulting CBS cone have been presented in
�20,21�, without taking into account interference between
three amplitudes, however. Experimentally, this question can
be resolved by measuring the value of the backscattering
enhancement factor �: whereas � is basically unaffected by
the nonlinearity according to �20,21� �i.e., �=2 apart from
single scattering�, our equations �44� and �46�, with s propor-
tional to the incoming intensity and to the ��3� coefficient of
the nonlinear Kerr medium, predict a significant change of �
when varying the incoming intensity.

IV. RESULTS

We return to the atomic model, concentrating on the case
of a slab geometry in the following. Using the equations
derived in Secs. III A–III C, we are able to calculate the
backscattered intensity up to first order in the saturation pa-
rameter s. In this section, we will examine its dependence on
the optical thickness b and detuning �, for the scalar and
vectorial cases. The main quantity of interest is the back-
scattering enhancement factor �. It is defined as the ratio
between the total detection signal in the exact backscattering
direction divided by the background component. If we per-
form an expansion up to first order in s, we obtain

� =
L + C

L
� ��1� + ���1� − 1���C − �L�s . �61�

Here, ��1�=1+Cel
�1� /Lel

�1� is the enhancement factor in the lin-
ear case �i.e., the limit of vanishing saturation�. If single
scattering is excluded �e.g., in the h �h channel�, we have
��1�=2. Increasing saturation changes the enhancement fac-
tor, and the present approach allows us to calculate the slope
d� /ds of this change at s=0. It is given by the difference

FIG. 8. Polarization dependence of nonlinear propagation for �a�
ladder and �b�, �c� crossed diagrams.
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between the nonlinear crossed and ladder contribution, nor-
malized as follows:

�L =
L − L�1�

sL�1� , �62�

�C =
C − C�1�

sC�1� . �63�

Obviously, an important question is the domain of validity
of the linear expansion Eq. �61�. Strictly speaking, this ques-
tion can only be answered if we know higher orders of s.
However, a rough quantitative estimation can be given as
follows: if p1 �p2+� denotes the probability for a backscat-
tered photon to undergo one �more than one� nonlinear scat-
tering event, the perturbative condition reads p2+� p1. If we
assume that all scattering events have the same probability
�proportional to s� to be nonlinear �thereby neglecting the
inhomogeneity of the local intensity�, we obtain p1��Ns
and p2+��N2s2, where N denotes the total number of scat-
tering events, and �… the statistical average over all back-
scattering paths. Evidently, N and N2 are expected to increase
when increasing the optical thickness b. For a slab geometry,
we have found numerically that �N�b and �N2�b3 �in the
limit of large b�, concluding that the perturbative treatment is
valid if sb2�1. Let us note that a similar condition also
ensures the stability of speckle fluctuations in a nonlinear
medium �43�.

In Fig. 9, we show the inelastic ladder and crossed con-
tributions �L

�in� and �C
�in� for a slab of optical thickness b

=0.5 as a function of the detuning, �=�−�at, for the polar-
ized �h �h� and scalar case. Since the optical thickness is kept
constant, the elastic quantities are independent of the detun-
ing, and only the inelastic components are affected by �, via
the shape of the power spectrum P���� of the inelastically
scattered light, see Eq. �26�. The latter exhibits two peaks of
width �, one of which is centered around the atomic reso-
nance. The increase of the ladder term as a function of �

which is observed in Fig. 9�a� is due to initially detuned
photons, i.e., �=�at+�, which are set to resonance ���
��at� by the nonlinear scattering process. For these photons,
the scattering cross section increases, which increases the
contribution to the backscattering signal in the sum over all
scattering orders—especially in the h �h case where single
scattering is filtered out. The same effect also applies for the
crossed term, Fig. 9�b�, but here the dephasing between the
reversed paths due to the frequency change—which is more
effective for higher values of the detuning—is dominant,
leading in total to a decrease of �C

�in� as a function of �. The
small ripples in Fig. 9�a�, for the polarized case �solid line� at
large �, are due to numerical noise in the Monte Carlo inte-
gration.

Figure 10 shows the elastic and inelastic ladder and
crossed contributions, as a function of the optical thickness,
at detuning �=0. The main purpose of this figure is to show
the increase of the nonlinear contributions as a function of b,
which is important to understand the domain of validity of
the present approach. The origin of this increase is simple to
understand: for larger values of the optical thickness, the
average number of scattering events increases, and so does
also the probability that at least one of them is a nonlinear
one. Thus, for an optically thick medium, even a very small
initial saturation may lead to a large inelastic component of
the backscattered light. Note, however, that the elastic and
inelastic ladder contributions, Figs. 10�a� and 10�c�, tend to
cancel each other, such that their sum depends less strongly
on b. Physically, this fact is related to energy conservation.
The latter ensures that the total nonlinear scattered
intensity—integrated over all final directions—vanishes even
exactly, since the total outgoing intensity must equal the in-
cident intensity �meaning a purely linear relationship be-
tween outgoing and incident intensity�.

Furthermore, we note that both the elastic and inelastic
ladder components increase significantly more slowly in the
polarized than in the scalar case �solid vs dashed line�. This
is due to the fact that, as discussed in Sec. III C, polarization
effects diminish the weight of nonlinear scattering by ap-
proximately 2/3. Concerning the crossed components, Figs.
10�b� and 10�d�, the difference is even stronger, due to the

FIG. 9. �Color online� Normalized inelastic ladder and crossed
contributions �L,C

�in� �cf. Eqs. �62� and �63��, for optical thickness b
=0.5, as a function of the laser detuning �. Solid lines: polarized
case �h �h channel�. Dotted lines: scalar case. For comparison, the
corresponding elastic contributions �independent of �� are �L

�el�

=−7.04 �h �h�, −6.53 �scalar�, and �C
�el�=−9.56 �h �h�, −18.8

�scalar�.

FIG. 10. �Color online� Normalized inelastic and elastic ladder
and crossed �L,C

�el,in� �cf. Eqs. �62� and �63��, for vanishing detuning
�=0, as a function of the optical thickness b=0.5. Solid lines: po-
larized case �h �h channel�. Dotted lines: scalar case.
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additional polarization-induced loss of contrast by a factor
3 /4, on average. Please note that the vertical scale for the
elastic crossed case, Fig. 10�d�, is two times larger than in
the other three cases: this reflects the effect of interference
between three amplitudes, which renders the crossed compo-
nent up to two times larger than the ladder. Concerning the
inelastic component Fig. 10�b�, this effect is diminished by
decoherence due to the frequency change at inelastic scatter-
ing. Here, crossed and ladder components are of similar
magnitude.

In Fig. 11, we show the slope of the backscattering en-
hancement factor, which follows via Eq. �61� from the data
shown in Figs. 9 and 10. Figure 11�b� again points out the
importance of even small saturation in the case of an opti-
cally thick medium. For example, in the scalar case at b=2,
increasing the saturation from s=0 to s=0.01 decreases the
enhancement factor from 1.73 ��2 due to single scattering�
to 1.55. For very large b, we find a linear decrease of the
slope. At the same time, however, the allowed domain of s
�1/b2 shrinks to zero quadratically. This allows the en-
hancement factor to remain a continuous function of s, even
in the limit b→, where its slope at s=0 diverges. In order
to make more precise statements about the behavior in the
limit b→, however, it is necessary to generalize our theory
to the case of more than one nonlinear scattering event.

On the left-hand side, Fig. 11�a� depicts the dependence
of the enhancement factor on detuning, for b=0.5. As al-
ready discussed above, the decrease of � with increasing �
originates from the form of the inelastic power spectrum,
which results in a stronger dephasing between reversed paths
for larger detuning. Thus, the modification of the enhance-
ment factor with the detuning, keeping fixed the linear opti-
cal thickness, is a signature of the nonlinear atomic response
and has been experimentally observed in Ref. �40�. Let us
stress, however, that in the cases shown in Figs. 9 and 11�a�
and small detuning, the inelastic component gives a positive
contribution to the backscattering enhancement factor.
Hence, the observed negative slope of � originates from the
elastic component, where the nonlinear crossed term is up to
two times larger than the ladder, but with negative sign �see
Figs. 10�c� and 10�d��.

In order to observe an enhancement factor larger than
2—and thereby demonstrate clearly the effect of interference
between three amplitudes—it is therefore necessary to filter
out the elastic component. In principle, this can be achieved
by means of a spectral filter, i.e., by detecting only photons
with a certain frequency ��, different from the laser fre-
quency �. Thereby, it is possible to measure the spectral
dependence of the backscattering enhancement factor �see
Fig. 12�. Here, the upper �a� and lower �b� parts depict the
polarized �h �h� and scalar cases, respectively, for vanishing
laser detuning, �=0. Evidently, the largest values of the en-
hancement factor are obtained if the final frequency ap-
proaches the initial one, since then the dephasing due to dif-
ferent frequencies vanishes. In the scalar case, the value of
the enhancement factor in the limit ��→0 is completely de-
termined by the relative weights between the one-, two-, and
three-amplitude cases shown in Fig. 4 �cf. Eq. �38��. As evi-
dent from the dashed line in Fig. 12�b�, already at the rather
moderate value b=0.5 of the optical thickness, the three-
amplitude case is sufficiently strong in order to increase the
maximum enhancement factor above the linear barrier �=2.
With increasing optical thickness �and, if necessary, decreas-
ing saturation parameter, in order to stay in the domain of
validity of the perturbative approach; see above�, the number
of linear scattering events increases, which implies that the
three-amplitude case increasingly dominates �see Fig. 4�. In
this limit, the enhancement factor approaches the maximum
value 3. At the same time, however, a larger number of scat-
tering events also leads to stronger dephasing due to different
frequencies, ����. This results in a narrower shape of � as
a function of �� for larger optical thickness. Nevertheless, as
evident from Fig. 12�b�, the enhancement factor remains
larger than 2 in a significant range of frequencies ��. The
same is true for the polarized case, Fig. 12�a�. However, here

FIG. 11. �Color online� Slope of backscattering enhancement
factor, for the parameters of Fig. 9 �b=0.5, left half� and Fig. 10
��=0, right half�. Solid lines: polarized case �h �h channel�. Dotted
lines: scalar case.

FIG. 12. �Color online� Spectral dependence of the enhancement
factor, for detuning �=0 and optical thickness b=0.5 �dashed line�,
1 �solid�, and 2 �dotted�, in the h �h channel �a� and the scalar case
�b�. The vertical dashed line displays the position of the elastic �
peak, which must be filtered out in order to observe an enhancement
factor larger than 2. The inset shows the power spectrum of the
backscattered light �background component�, which is almost iden-
tical with the single-atom spectrum.
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the enhancement factor cannot exceed the value 2.5, due to
the polarization-induced loss of contrast. At the same time,
the optical thickness has less influence on the maximum en-
hancement factor at ��=0, since single scattering, Fig. 4�a�—
and partly also the two-amplitude case, Fig. 4�b�—is filtered
out, so that interference of three amplitudes already prevails
at rather small values of the optical thickness.

In Fig. 13, the influence of an initial detuning �here �
=�� is displayed. Basically, the above conclusions remain
almost equally valid for the detuned case. A small difference
is seen in the scalar case Fig. 13�b�, where the maximum of
����� is found slightly below �. This is due to the fact that
the weight of single scattering increases with increasing ��.
Furthermore, the inset reveals that the power spectrum of the
backscattered light differs from the single-atom spectrum Eq.
�26�, where the two peaks at ��=0 and 2� are equally strong.
In the multiple-scattering case, the on-resonance peak at ��
=0 is amplified, since the scattering cross section is larger for
photons on resonance. As already mentioned above �see the
discussion of Fig. 9�, this increases the total contribution to
the detection signal �in the sum over all scattering paths�—
especially in the polarized case, where single scattering is
filtered out.

V. CONCLUSION

In summary, we have presented a detailed diagrammatic
calculation of coherent backscattering of light from a dilute
medium composed of weakly saturated two-level atoms. Our
theory applies in the perturbative two-photon scattering re-
gime �s�1 and sb2�1�, where at most one nonlinear scat-

tering event occurs. The value of the backscattering enhance-
ment factor is determined by the following three effects.
First, due to the nonlinearity of the atom-photon interaction,
there may be either two or three different amplitudes which
interfere in the backscattering direction. This implies a maxi-
mal enhancement factor between 2 and 3 for the nonlinear
component, where the value 3 is approached for large optical
thickness. However, since the contribution from nonlinear
scattering has a negative sign, the total enhancement factor
�linear plus nonlinear elastic and inelastic components� is
reduced by the effect of three-amplitude interference. Only if
the elastic component is filtered out can a value larger than 2
be observed.

Second, a loss of coherence is implied by the change of
frequency due to inelastic scattering—as in the case of two
atoms �32�. The random frequency change leads to different
scattering phases—and hence on average decoherence—
between reversed paths. Finally, a further loss of contrast is
induced by nonlinear polarization effects—even in the h �h
channel, which exhibits ideal contrast in the linear case. Nev-
ertheless, the enhancement factor remains larger than 2 in
certain frequency windows of the inelastic backscattering
signal. Thus, it is experimentally possible to clearly identify
the effect of interference between three amplitudes—
provided a sufficiently narrow spectral filter is at hand.

A natural way to extend this work is to give up the per-
turbative assumption, and admit more than one nonlinear
scattering event. This is necessary in order to describe media
with large optical thickness, even at small saturation. Since
the number of interfering amplitudes increases if more than
two photons are connected by nonlinear scattering events, we
expect the occurrence of even larger enhancement factors in
the nonperturbative regime—especially in the case of scat-
terers with positive nonlinearity, i.e., for scatterers whose
cross section increases with increasing intensity.

Furthermore, the relation between coherent backscattering
and weak localization in the presence of nonlinear scattering
remains to be explored. Does a large enhancement of coher-
ent backscattering also imply a strong reduction of nonlinear
diffusive transport? If the answer is yes—as is the case in the
linear regime—this implies that wave localization can be fa-
cilitated by introducing appropriate nonlinearities.
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APPENDIX: MONTE CARLO SIMULATION

As discussed in Sec. III C, the incorporation of polariza-
tion effects requires one to take into account the projection of
polarization vectors in the corresponding scalar equations.
For the inelastic ladder component, insertion of the polariza-
tion term Eq. �55� into the scalar expression Eq. �28� yields

FIG. 13. �Color online� Spectral dependence of the enhancement
factor, for detuning �=� and optical thickness b=0.5 �dashed line�,
1 �solid�, and 2 �dotted�, in the h �h channel �a� and the scalar case
�b�. The vertical dashed line displays the position of the elastic �
peak, which must be filtered out in order to observe an enhancement
factor larger than 2. The inset shows the power spectrum of the
backscattered light �background component�, revealing the amplifi-
cation of the on-resonance peak with respect to the symmetric
single-atom spectrum.
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L̂in
�2� = s� dr

A�̂
� d��P���� �

n,m,l=0



Nn+m+l�
V

du1 ¯ dune−u1,z/�̂�	
i=1

n

�Ŝ�Ĝ��ui,ui+1��2
�
V

dv1 ¯ dvme−v1,z/�̂

��	
j=1

m

�Ŝ�Ĝ��v j,v j+1��2
�
V

dw1 ¯ dwle
−w1,z/�̂��	

k=1

l

�Ŝ��Ĝ���wk,wk+1��2
3

2
��L���u,�v;�w� � �1 if n = m = 0,

2 if n � 0 or m � 0,
�

�A1�

with un+1=vm+1=wl+1=r. Furthermore, the polarization vectors are given by

�u = �un,un+1
¯ �u1,u2

�L,

�v = �vm,vm+1
¯ �v1,v2

�L,

�w = �wl,wl+1
¯ �w1,w2

�D. �A2�

The analogous procedure for the interference component, inserting Eq. �57� into Eq. �33�, yields

Ĉ�2,in� = s� dr

A�̂
� d��P���� �

n,m,l=0



Nn+m+l�
V

du1 ¯ dwle
−u1,z/�̂�	

i=1

n

�Ŝ�Ĝ��ui,ui+1��2
eikv1,z�n�+n
��
* �

��	
j=1

m

Ŝ�Ŝ��
* Ĝ��v j,v j+1�Ĝ��

* �v j,v j+1�
eikw1,z�n�
* +n����	

k=1

l

Ŝ�
* Ŝ��Ĝ�

* �wk,wk+1�Ĝ���wk,wk+1�

�

3

2
��C���u,�v, �̃w,�w, �̃v� � �

0 if m = l = 0,

2 if n = m = 0, l � 0,

2 if n = l = 0, m � 0,

4 otherwise,
� �A3�

with the polarization vectors of the “reversed” photons

�̃v = �vm,vm+1
¯ �v1,v2

�D,

�̃w = �wl,wl+1
¯ �w1,w2

�L. �A4�

The elastic nonlinear scattering components follow simply by inserting −2����−�� instead of the inelastic power spectrum
P���� in the above Eqs. �A1� and �A3�.

The nonlinear propagation term is obtained by inserting Eq. �58� into Eq. �44�:

L̂el
�2,prop� = s�

n=1



Nn�
V

du1 ¯ dune−�u1,z+un,z�/�̂�	
i=1

n

�Ŝ�Ĝ��ui,ui+1��2
�
m=1



Nm−1�
V

dv1 ¯ dvm−1�
l=0

n �
ul

ul+1 dvm

�̂
e−v1,z/�̂

��	
i=1

m−1

�Ŝ�Ĝ��vi,vi+1��2
��L,prop���1,�v,�3� � �1 if m = l = 0,

2 otherwise.
� �A5�

Here, the nonlinear event takes place between ul and ul+1. Correspondingly, �ul

ul+1 denotes the one-dimensional integral on a
straight line between these points, and u0=u1−u1,zez and un+1=un−un,zez are defined as the points where the photon enters or
leaves the medium, respectively. The three cases Figs. 5�a�–5�c� correspond to 0� l�n, l=n, and l=0, respectively. The
polarization vectors �1 and �3 participating in the nonlinear event �cf. Fig. 8� are obtained as

�1 = �ul+1,ul
¯ �u2,u1

�L,

�3 = �ul,ul+1
¯ �un−1,un

�D. �A6�

Finally, to obtain the interference component Ĉel
�2,prop�, the last term in Eq. �A5� must be replaced by
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��L,prop���1,�v,�3� � �2 if n � 1, �m,l� � �0,0�
1 if n � 1, m = l = 0

0 otherwise
� + ��C,prop���1,�v,�3, �̃v, �̃3� � �

4 if l = 0, n � 1, m � 0,

2 if l = 0, n = 1, m � 0,

2 if 0 � l � n ,

0 otherwise,
�
�A7�

with

�̃3 = �ul,ul+1
¯ �un−1,un

�L. �A8�

The first term, ��L,prop�, equals the ladder component minus
single scattering �n=1�, whereas the second one, ��C,prop�,
describes the additional crossed diagrams shown in Figs.
6�d�–6�f�. Here, the case 0� l�n corresponds to Fig. 6�d�,
where the nonlinearity occurs between two scattering events.
The remaining diagrams, Figs. 6�e� and 6�f�, correspond to
l=0. Here, the case m=0 �“pump photon from the coherent
mode”� does not contribute, since then the diagrams Figs.
6�e� and 6�f� are identical to Figs. 6�b� and 6�c�. Further-
more, if n=1 �“probe photon singly scattered”�, the two dia-
grams Figs. 6�e� and 6�f� become identical. In this case, we
obtain a factor 2, whereas the sum of diagram �e� plus dia-
gram �f� yields 2+2=4 in the case n�1.

Numerically, we solve the above integrals by a Monte
Carlo method. Here, we proceed as follows. For Eqs. �A1�

and �A3� first the position r and frequency �D of the inelastic
scattering event are chosen randomly. Starting from r, three
photons are launched, two with frequency �L and one with
frequency �D. After each scattering event, the length r of the
next propagation step is determined randomly according to
the distribution P�r�=exp�−r /�� /�, whereas the direction is
chosen uniformly. After all photons have left the medium,
the triple sum over n, m, and l is performed, taking into
account the projection of the polarization vectors. For the
nonlinear propagation term Eq. �A5�, first the probe photon
�path u1 , . . . ,un� is propagated, starting in the laser mode
kL ,�L. Then, the pump photon is launched from a randomly
chosen position vm on the path of the probe photon. Finally,
the projection of polarization vectors is performed separately
for each given path.
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